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ABSTRACT
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1 Introduction
There has been great interest recently in string theory on AdS5 × S5 [1, 2, 3] due to
its possible relation to N = 4, d = 4 Yang-Mills theory. Whereas the large g2N limit
is conjectured to be dual to Type IIB supergravity on this manifold, for which there
is by now mounting evidence, stringy effects are supposed to correspond to 1/g2N
corrections [1] in the Yang-Mills theory. It is of great interest, therefore to construct
string theory in this background. Although there has been significant progress in this
direction [4, 5, 6, 7, 8], the action (so far) has proven too difficult to quantize. In this
note, we will try to analyze a simpler case, that of string theory on AdS3 × S3.
One interesting aspect of this background is that the compactification of D = 6
supergravity on S3 can be achieved in two fundamentally different ways: the charged
three-form field strength can either be of NS or RR type. In [9] the NS field was
charged and a significant understanding of a string propagating in this background
was achieved. In this paper we focus on a string in the non-trivial RR background and
construct the string action in the Green-Schwarz (GS) formulation [10]. The hope is
that eventually this case can be better understood, maybe by relating it to results of
[9]. Various other aspects of this background have been studied in [11, 12, 13, 14, 15].
We shall follow the approach of [4] which requires a description of the background
as a supercoset manifold. The AdS3 × S3 background is the near-horizon geometry
of the D1−D5 brane system and is a solution of chiral N = 2 (2, 0) supergravity in
six dimensions [16] preserving all 16 supersymmetries. By essentially straightforward
extension of the arguments given in [17] it can be shown that the solution does not get
any α′ corrections which is a necessity to formulate string theory in this background.
In [18] it was noted that the isometry group of D1 −D5 system is SU(1, 1|2)2, and
hence the background can be viewed as the supercoset space SU(1,1|2)
2
SO(1,2)×SO(3)
. The con-
struction of the action following [4]is then straightforward except for the construction
of the Wess-Zumino term, which requires some trial and error.
This is done in section two, where we start with the algebra of SU(1, 1|2)2 (which
we derive very explicitly in 6D covariant form from the SU(1, 1|2) algebra in appendix
A) and construct the Wess-Zumino term from first principles following [4]. We find, in
1
fact a continuous family of WZ terms interpolating between the pure NS background
and the RR background.
The resulting GS action is then given in terms of supervielbeins which we also
solve for in section three. In section four we gauge fix κ-symmetry in the ‘background
adapted Killing spinor gauge’ [19, 6, 7] which simplifies the action considerably.
Finally we present our conclusions and some open questions.
2 From the Algebra SU (1, 1|2)2 to the String Ac-
tion on AdS3 × S3
The target space of string theory on AdS3×S3 with 16 supersymmetry generators is
the supercoset manifold SU(1,1|2)
2
SO(1,2)×SO(3)
whose bosonic part is SO(2,2)×SO(4)
SO(1,2)×SO(3)
. The gener-
ators of this supergroup are the momenta and Lorentz transformations on AdS3 and
S3
Pa, Jab, and Pa′ , Ja′b′ (2.1)
where a = 0, 1, 2 and a′ = 3, 4, 5, plus 2 complex chiral 6D spinors
QIαα′ ⊗
(
1
0
)
(2.2)
with I = 1, 2, α = 1, 2, α′ = 1, 2. Our conventions are
Γa = γa ⊗ 1⊗ σ1, Γa′ = 1⊗ γa′ ⊗ σ2 (2.3)
where γ0 = iσ3, γ1,2 = σ1,2, γa
′
= σa
′−2. In the following we will freely use γa short
for γa ⊗ 1 (and the same for primed indices). With these definitions it is clear that
QI defined as above is indeed chiral. The conjugate supercharge Q¯
Iαα′ is defined by
Q¯I = (QI)†γ0. (2.4)
Crucial for the construction of the action are the (antihermitean) supervielbeins
La, La
′
, LI and L¯I and the superconnection Lab and La
′b′ . Being a σ-model with
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a supercoset as the target space, the action is only allowed to contain the superviel-
beins. and will be of the general structure
S = Skin + SWZ . (2.5)
The kinetic term is next to trivial to write down, the more subtle issue is to con-
struct the Wess-Zumino term, needed for κ invariance, which is an integral over a
closed 3-form. To find this form we need the superalgebra, derive from there the
Maurer-Cartan equations and identify a unique closed three-form built from the su-
pervielbeins.
It should be apparent by now that an important ingredient is the SU(1, 1|2)2
algebra
{QI , Q¯J} = 2δIJ
(
iPaγ
a − Pa′γa′
)
+ ǫIJ
(
Jabγ
ab − Ja′b′γa′b′
)
[Pa, QI ] = − i
2
ǫIJγaQJ [Pa′, QI ] =
1
2
ǫIJγa′QJ
[Jab, QI ] = −1
2
γabQI [Ja′b′ , QI ] = −1
2
γa′b′QI[
Pa, Q¯I
]
=
i
2
Q¯JǫJIγa
[
Pa′ , Q¯I
]
= −1
2
Q¯JǫJIγa′ (2.6)[
Jab, Q¯I
]
=
1
2
Q¯Iγab
[
Ja′b′ , Q¯I
]
=
1
2
Q¯Iγa′b′
[MAB,MCD] = ηBCMAD + ηADMBC − ηACMBD − ηBDMAC
[MA′B′ ,MC′D′] = δB′C′MA′D′ + δA′D′MB′C′ −
−δA′C′MB′D′ − δB′D′MAC
where we defined
Pa = M0a, Jab =Mab, Pa′ = M0′a′ , Ja′b′ = Ma′b′ (2.7)
and where η = (− + +−). Note that the bosonic generators are taken to be anti-
hermitean. The defining equations of the background can be obtained in the standard
way by defining the group derivative
D = d+ LaPa + 1
2
LabJab + L
a′Pa′ +
1
2
La
′b′Ja′b′ +
1
2
(Q¯ILI + L¯
IQI) (2.8)
3
and requiring D2 = 0. This leads to the Maurer-Cartan equations:
dLa = − i
2
L¯Iγa ∧ LI − Lb ∧ Lba
dLa
′
= +
1
2
L¯Iγa
′ ∧ LI − Lb′ ∧ Lb′a′
dLI = − i
2
ǫIJLa ∧ γaLJ + 1
2
ǫIJLa
′ ∧ γa′LJ −
−1
4
Lab ∧ γabLI − 1
4
La
′b′ ∧ γa′b′LI (2.9)
dL¯I =
i
2
ǫIJ L¯Jγa ∧ La − 1
2
ǫIJ L¯Jγa′ ∧ La′ −
−1
4
L¯Iγab ∧ Lab − 1
4
L¯Iγa′b′ ∧ La′b′
plus the non-relevant ones for dLab and dLa
′b′. The Wess-Zumino term can be con-
structed in terms of the vielbeins without actually solving these equations. In the
background at hand this is only slightly more subtle than in the AdS5 × S5 back-
ground, since the LI do not obey any Majorana conditions. We find that the unique
form satisfying the requirements is
H3 = AsIJ
(
L¯Iγa ∧ LJ ∧ La + iL¯Iγa′ ∧ LJ ∧ La′
)
+ c.c.
= AsIJ
(
L¯IΓa ∧ LJ ∧ La + L¯IΓa′ ∧ LJ ∧ La′
)
+ c.c. (2.10)
where sIJ = σIJ3 . In proving that dH3 = 0 one has to apply the identities (A.25), and
has to use
sIJ
(
L¯IγaL
J L¯KγaLK − L¯Iγa′LJ L¯Kγa′LK
)
= 0. (2.11)
It remains to find the coefficient in front of the Wess-Zumino term. For this we
consider the flat-space limit, where the vielbeins read in our notation (see 3.7 with
M = 0 and s = 1):
LI = dθI
L¯I = dθ¯I
La = dxa − i
4
(
θ¯IγadθI − dθ¯IγaθI
)
(2.12)
La
′
= dxa
′
+
1
4
(
θ¯Iγa
′
dθI − dθ¯Iγa′θI
)
4
Therefore,
WZ = AsIJ L¯IΓa ∧ LJ ∧ La + c.c
= A (dθ¯1Γadθ
1 − dθ¯2Γa ∧ dθ2) ∧ dxa + c.c+ ...
= A d
((
(θ¯1Γadθ
1 − dθ¯1Γaθ1)−
−(θ¯2Γa ∧ dθ2 − dθ¯2Γa ∧ θ2)
)
∧ dxa + ...
)
∂βθ
1 − ∂αθˆ2 (2.13)
and hence
∫
M3
WZ = A
∫
M2
d2σ ǫij(θ¯1Γa∂iθ
1 − ∂iθ¯1Γaθ1)∂jxa + .... (2.14)
By comparison with standard literature (see for example [20]) one finds
A =
i
4
. (2.15)
Therefore, the 6D superstring action is given by
S = −1
2
∫
M2
d2σ
(
LaLa + La
′
La
′
)
+
+
i
4
∫
M3
sIJ
((
L¯Iγa ∧ LJ ∧ La + iL¯Iγa′ ∧ LJ ∧ La′
)
+ c.c.
)
(2.16)
= −1
2
∫
M2
d2σ
(
LaLa + La
′
La
′
)
+
+
i
4
∫
M3
sIJ
((
L¯IΓa ∧ LJ ∧ La + L¯IΓa′ ∧ LJ ∧ La′
)
+ c.c.
)
,
which is the main result of this section.
This WZ term, however, should not really be unique, since there exists also the
string in the same geometry, but charged under the NS B-field, and there must be
a different WZ term for it. The answer suggested by the work of [21] answer is that
the general WZ term should be given by
H ∼ sIJ
((
L¯Iγa ∧ LJ ∧ La + iL¯Iγa′ ∧ LJ ∧ La′
)
+ c.c.
)
+ La ∧ Lb ∧ LcH+abc, (2.17)
where H+abc is one of the five components of the self-dual superfield [22]. This is to
be understood from the point of view of compactifying the D = 10, N = 2 Type IIB
theory on K3 (and truncating the matter fields). Of the five self-dual field strengths
5
that arise [23], three find their origin in the self-dual five-form field strength, one from
the RR three-form (plus its dual) and one (H+abc) from the NS three-form and its dual
in D = 10.
3 The Supergeometry
It remains to actually solve the Maurer-Cartan equations and obtain the superviel-
beins. The general method is standard and was outlined for example in [4] where for
the AdS5 × S5 case the vielbeins were constructed up to quartic order. In [5] it was
observed that the equations can in fact be integrated and the supergeometry can be
found in closed form.
To do so we have to play the usual trick and introduce θs = sθ to solve for
a generalized vielbein Ls from which one obtains eventually the standard vielbein
as L = Ls=1. In the process we also find following [24] a convenient form of the
Wess-Zumino as a two-dimensional worldsheet integral, integrated once more over
the parameter s.
Let us denote the general structure of the algebra by
{QI , Q¯J¯} = fAIJ¯BA
[BA, QI ] = f
J
AIQJ[
BA, Q¯I¯
]
= f J¯AI¯Q¯J¯ (3.1)
[BA, BB] = f
C
ABBC ,
where the distinction between I and I¯ serves only the purpose to keep track of Q and
Q¯. With D being the standard covariant (bosonic) derivative
D = d+
1
4
ωabJab +
1
4
ωa
′b′Ja′b′ + e
aPa + e
a′Pa′ (3.2)
we find from
e−
s
2
(θ¯Q+Q¯θ)De
s
2
(θ¯Q+Q¯θ) = LAs BA +
1
2
(
L¯sQ + Q¯Ls
)
(3.3)
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the differential equations
∂sL
A
s = −
1
4
θ¯IfAIJ¯L
J¯
s +
1
4
L¯Isf
A
IJ¯θ
J¯
∂sL
I¯
s = dθ
I¯ + LBs f
I¯
BJ¯θ
J¯ (3.4)
∂sL¯
I
s = dθ¯
I − θ¯Jf IJBLBs .
These equations can easily be integrated since
∂2s
(
Ls
L∗s
)I¯
= (M2)I¯J¯
(
Ls
L∗s
)J¯
(3.5)
with
(M2)I¯J¯ =
1
4
(
f I¯BK¯θ
K¯ θ¯LfBLJ¯ −f I¯BK¯θK¯ θ¯∗Lf ∗BLJ¯
−f ∗I¯BK¯θ∗K¯ θ¯LfBLJ¯ f ∗I¯BK¯θ∗K¯ θ¯∗Lf ∗BLJ¯
)
(3.6)
The solution to (3.4) is then given by
(
L
L∗
)I¯
s
=
(
sinh sM
M
)I¯
J¯
(
Dθ
Dθ∗
)J¯
LA = eA − 1
2
( θ¯IfAIJ¯ , −θ¯∗If ∗AIJ¯ )
(
sinh2(sM/2)
(M)2
)I¯
K¯
(
Dθ
Dθ∗
)K¯
(3.7)
with
DIJ = δIJ(d+
1
4
ωabγab +
1
4
ωa
′b′γa′b′) + ǫ
IJ i
2
(eaγa − iea′γa′). (3.8)
Here, we used the initial conditions
La(θ = 0) = ea, La
′
(θ = 0) = ea
′
, Lab(θ = 0) = ωab, La
′b′(θ = 0) = ωa
′b′. (3.9)
The real vielbeins are then obtained by setting s = 1.
Another virtue of above procedure is that one can obtain the Wess-Zumino term
as a world-sheet integral of an expression which is itself integrated over s [24]. The
important point is that
∂sH3s = dΩ2s (3.10)
where Hs is obtained from H by replacing all L by Ls, and where
Ω2s =
i
2
sIJ
(
θ¯Iγa ∧ LJs ∧ Las + iθ¯Iγa′ ∧ LJs ∧ La
′
s
)
+ c.c. (3.11)
This can be verified with the differential equations (2.9) and (3.4). Hence
SWZ =
∫
M3
H3s|s=1 =
∫
M2
∫ 1
s=0
Ω2s. (3.12)
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4 Simplification of the Action
We now turn to the very important aspect of simplifying the action. We will follow
here the ideas of [6, 7] and fix κ-symmetry in the background adapted way. The
procedure consists of two steps:
• Choosing the gauge
θI− ≡ PIJ− θJ ≡
1
2
(
δIJ − iǫIJΓ0Γ1
)
θJ = 0 (4.1)
and
• redefining the remaining fermions θ+ to be space-time dependent as
θI+(x) = g
1/4
tt ϑ
I
+ (4.2)
where ϑI+ are constant spinors which satisfies also PIJ− ϑJ+ = 0.
This gauge is motivated by the observation that Dθ as defined in (3.8) is essentially
simply the Killing equation on AdS3×S3 augmented by a fermionic differential opera-
tor dϑ∂ϑ+d¯ϑ∂ϑ¯. Hence, choosing the fermionic coordinates θ in (3.3) to be space-time
dependent Killing spinors, i.e.
θIαα
′
(x) = eIαα
′
Jββ′(x)ϑ
Jββ′ (4.3)
where eIαα
′
Jββ′ is a known space-time dependent matrix and ϑ =const, leads to
DθI = eIJ(x)dϑ
J . (4.4)
The Killing spinors on AdS3 × S3 in horospherical coordinates can, for example, be
found in [25], and it can be easily verified, as first noted in [19], that using κ-symmetry
to project on half of them precisely via (4.1) leads to the fact that θ+ and Dθ+ obey
the same projection, i.e.
P−θ+ = P−Dθ+ = 0, (4.5)
8
since (4.3) reduces for this component to1
θI+(x) = g
1/4
tt ϑ
J
+. (4.6)
Since this gauge is based on the isometry of the background, it is called the killing
spinor gauge and was proposed in [19] as a procedure to gauge-fix κ-symmetry of
extended objects in their own background. In [7] it was shown that it could also be
used to simplify dramatically the GS string action on AdS5×S5. Since the arguments
given there for admissibility of the gauge are exactly the same needed here we refer
the reader to that publication.
What we will show now is that with this gauge we have
M2+
(
Dθ+
Dθ∗+
)
= 0 (4.7)
which clearly simplifies (3.7) and therefore the action dramatically. The important
fact to use is that terms of the form
θ¯I+ΓˆDθ
I
+, with [Γ
01, Γˆ] = 0 (4.8)
vanish. This implies that
f I¯BK¯θ
K¯
+ θ¯
L
+f
B
LK¯dθ
K¯
+ = f
I¯
iK¯θ
K¯
+ θ¯
L
+f
i
LK¯Dθ
K¯
+ + f
I¯
(i2)K¯θ
K¯
+ θ¯
L
+f
(i2)
LK¯Dθ
K¯
+ (4.9)
with i = 0, 1, i.e., in the sum over the bosonic generators B only the two momenta
Pi and the two Lorentz generators Ji2 can contribute. Then, with a little algebra and
using the explicit form of the structure constants we find that in fact the contributions
from Pi and Ji2 arise with opposite sign and cancel. The same happens for the other
term, i.e.
f I¯BK¯θ
K¯
+ θ¯
∗L
+ f
∗B
LJ¯Dθ
∗J¯
+ = 0. (4.10)
Putting all this we see indeed that
1Incidentally,
the surviving θ+(x) spinor is nothing but the Killing spinor of the full D1-D5 geometry, in the
near horizon region. This might have some so far not understood implications.
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(M2+)I¯J¯
(
DθJ¯+
Dθ∗J¯+
)
=
(
f I¯BK¯θ
K¯
+ θ¯
L
+f
B
LJ¯Dθ
J¯
+ − f I¯BK¯θK¯+ θ¯∗L+ f ∗BLJ¯Dθ∗J¯+
−f ∗I¯BK¯θ∗K¯+ θ¯∗L+ f ∗BLJ¯Dθ∗J¯+ + f ∗I¯BK¯θ∗K¯+ θ¯L+fBLJ¯DθJ¯+
)
= 0. (4.11)
Now, recall that one explicit form of the AdS3 × S3 metric in the ”2 + 4”-split is
ds2 = y2(dxpdxp) +
1
y2
(dytdyt) (4.12)
where t and p denote coordinate transverse (y2, y3, y4, y5) and parallel (x0, x1) to the
brane. With this form of the metric, (4.2) and
ϑ ≡ ϑ1 (4.13)
we find the simple supervielbeins the supergeometry reads
(LIs)+ = s
√
|y|dϑI
(LIs)− = 0
Lps = |y|(dxmˆ −
is2
2
(ϑ¯γpdϑ− dϑ¯γpϑ)) (4.14)
Lts =
1
|y|dy
t.
Finally, inserting this into (2.16) we obtain
S = −1
2
∫
d2σ
[√
g gij
(
y2(∂ix
p − i
2
(ϑ¯Γp∂iϑ− ∂iϑ¯Γpϑ))×
×(∂jxp − i
2
(ϑ¯Γp∂jϑ− ∂jϑ¯Γpϑ)) +
+
1
y2
∂iy
t∂jy
t
)
+
−1
2
ǫij∂iy
t(ϑ¯Γt∂jϑ− ∂jϑ¯Γtϑ)
]
(4.15)
5 Conclusions and Open Questions
We presented the action of the the string in an AdS3×S3 background. We explicitly
constructed the Wess-Zumino term as a closed three-form from first principles by
employing the supercoset structure of the background geometry. It was then shown
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that the action can be simplified significantly to contain fermionic terms only up to
quadratic order. Of course, it is still non-linear and a quantization procedure is not
apparent off-hand.
Since the pure NS background can be solved explicitly in the RNS formalism [9],
at least in that case one should be able to quantize the GS action as well. The
quantization procedure is not, however, obvious. An approach to the problem may
be to construct the currents corresponding to the spacetime Virasoro algebra and
comparing these to those obtained from the RNS formalism.
Furthermore, from knowing the NS background, several things about the RR
background can be deduced, e.g. the spectrum of chiral primaries. It is of great
interest to see if these can be computed directly from the string action.
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Appendix A
We start with the SU(1, 1|2) algebra in the form of [26]:
[D,P ] = P, [D,K] = −K, [K,P ] = 2D
[Nmn, Npq] = δnpNmq + δmqNnp − δnqNmp − δmpNnq
[D,Qi] =
1
2
Qi, [D,Si] = −1
2
Si
[Nmn, Qi] = −1
4
γmnQi, [Nmn, Si] = −1
4
γmnSi, (A.1)
{Qiα′ , Qjβ′} = −2ǫijCα′β′P, {Siα′, Sjβ′} = −2ǫijCα′β′K
{Qiα′ , Sjβ′} = −2ǫijCα′β′D + ǫij(γmn)α′β′Nmn
11
Here, we have i, j = 1, 2, α′, β ′ = 1, 2 are SO(3) spinor indices and m,n = 1, 2, 3. The
AdS3 × S3 geometry is the supercoset manifold SU(1,1|2)2SO(1,2)×SO(3) with bosonic subgroup
SO(2,2)×SO(4)
SO(1,2)×SO(3)
∼ SO(1,2)2×SO(3)2
SO(1,2)×SO(3)
. The strategy is to combine two copies of above algebra
(variables X and X˜) and combine the spinors Q, Q˜, S, S˜ into suitable SO(2, 2) ×
SO(4)-spinors and the bosonic operators as generators of this group. We will then
convert the bosonic and fermionic generators to covariant 6D objects which results
in (2.6).
We start with the bosonic SO(1, 2) subalgebra:
[D,P ] = P [K,P ] = 2D [D,K] = −K. (A.2)
which can be rewritten with P+ =
1
2
(P +K), P− =
1
2
(P −K) as
[D,P+] = P− [D,P−] = P+ [P+, P−] = D. (A.3)
These generators should be combined with their counterparts D˜, P˜ and K˜ satisfying
the same algebra into one SO(2, 2) matrix MAB. One finds that with
M12 = i(D − D˜) M23 = P− + P˜− M13 = −i(P+ − P˜+)
M03 = i(D + D˜) M01 = P− − P˜− M02 = −i(P+ + P˜+) (A.4)
MAB satisfies indeed the proper SO(2,2) algebra:
[Mab,Mcd] = ηacMdb − ηadMcb − ηbcMda + ηbdMca (A.5)
with the signature (-++-) for indices (0123).
We now turn to unifying the spinors Q, Q˜, S, S˜. It is useful to keep the index
structure of the γ matrices and spinors in mind:
γ βα , Qα, Qˆ
α, (A.6)
where Qˆ is the SO(2, 2) conjugate spinor of Q, i.e. Qˆ ≡ Q†Γ0Γ3. With the following
set of definitions (and the convention that we take SO(2, 2) spinors to be Majorana):
Γ0 =
(
0 1
−1 0
)
Γ1,2 =
(
0 σ1,2
σ1,2 0
)
12
Γ3 =
(
0 iσ3
iσ3 0
)
, Γ5 =
(
1 0
0 −1
)
, C = Γ0Γ2 (A.7)
we find
MABΓ
ABC = 2


−2iK 2iD 0 0
2iD −2iP 0 0
0 0 −2iP˜ 2iD˜
0 0 2iD˜ −2iK˜


(A.8)
which reveals that one part of the algebra is given by
{qi, qj} = − i
2
ǫijMABΓ
ABCC ′ + ... (A.9)
with
qiα′ =


Sα′
−Qα′
−Q˜α′
S˜α′


i
. (A.10)
To complete the algebra we turn to the SO(4) part, where spinors are taken to be
symplectic-Majorana. Our conventions are
Γ′0 =
(
0 −i
i 0
)
Γ′a =
(
0 σa
σa 0
)
C ′ = Γ′0Γ′2, Γ′5 =
(
1 0
0 −1
)
(A.11)
and we find
M ′A′B′Γ
′A′B′C ′ =
(−2M ′0′i′σi′ +M ′i′j′σi′j′ 0
0 2M ′0′i′σ
i′ +M ′i′j′σ
i′j′
)
C ′ (A.12)
which implies that the Ni′j′ in (A.1) are given by
Ni′j′ =
1
2
(
M ′i′j′ − ǫi′j′k′M ′0′k′
)
(A.13)
With these preliminaries the SO(2, 2)× SO(4) spinors are defined as
qiIαI′α′ =


S1′α′
S2′α′
−Q1′α′
−Q2′α′
−Q˜1′α′
−Q˜2′α′
S˜1′α′
S˜2′α′


i
(A.14)
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where the vector components denote the qIα elements in the natural order. The
pair I, α (I ′, α′) is an SO(2, 2)(SO(4)) index, whereas i is still the symplectic index.
Counting the degrees of freedom reveals that half of the 32 components of q (”real” by
Majorana/symplectic-Majorana condition) have to be projected out. The underlying
reason is that spinors transform under SO(2, 2)× SO(4) ∼ SO(1, 2)1 × SO(1, 2)2 ×
SO(3)1 × SO(3)2 only under SO(1, 2)1 × SO(3)1 or SO(1, 2)2 × SO(3)2, since the
algebra is the product SU(1, 1|2)2. Clearly, the projector P has to ensure that I = I ′
which results in
P = 1
2
(1⊗ 1′ + Γ5 ⊗ Γ′5) (A.15)
With these conventions the algebra reads
{qi, qj} = − i
2
ǫijP
(
MABΓ
ABC ⊗ C ′ − C ⊗M ′A′B′Γ′A
′B′C ′
)
[MAB, qi] = −1
2
ΓABqi (A.16)
[M ′A′B′ , qi] = −
1
2
Γ′A′B′qi
plus the conventional SO(2, 2) and SO(4) pieces.
In order to achieve more closeness to 6D quantities it is useful to define
qˆi ≡ ǫijqTj C ⊗ C ′, (A.17)
which are the conjugate spinors since by the symplectic-Majorana condition we have
(qi)
∗ = ǫijB ⊗ B′qj , (A.18)
and to consider as fundamental supercharges q ≡ qi=1 and qˆ ≡ qˆi=1. It is also
convenient for later purposes to change the basis to
Γ0 →
(
i 0
0 −i
)
, Γ′0 →
(
1 0
0 −1
)
, (A.19)
The components of q in this basis which survive the projection are
Q1 ≡ q11′ + q22′ Q2 ≡ q12′ − q21′ , (A.20)
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where the indices denote I, I ′. Although this is a source for confusion, let us denote
these generators by QI , where I is not to be confused with the SO(2, 2) index. It is
of crucial importance for symmetry considerations to know that
QˆI = (Qˆ)I = qˆ1I′ + ǫI′J ′ qˆ2J ′ = +ǫIJQ
†
Jσ3 (A.21)
where σ3 acts on the α index of Q
†. With Pa, Pa′ , Jab, Ja′b′ as defined in (2.7) we can
write down the algebra
{QI , QˆJ} = −i δIJ
(
Jabγ
ab − Ja′b′γa′b′
)
+
+2iǫIJ
(
iPaγ
a − Pa′γa′
)
(A.22)
[Pa, QI ] = − i
2
ǫIJγaQJ [Pa′, QI ] =
1
2
ǫIJγa′QJ
[Mab, QI ] = −1
2
γabQI [Ma′b′ , QI ] = −1
2
γa′b′QI[
Pa, QˆI
]
=
i
2
QˆJǫJIγa
[
Pa′ , QˆI
]
= −1
2
QˆJǫJIγa′[
Mab, QˆI
]
=
1
2
QˆIγab
[
Ma′b′ , QˆI
]
=
1
2
QˆIγa′b′ (A.23)
[MAB,MCD] = ηBCMAD + ηADMBC − ηACMBD − ηBDMAC
[MA′B′ ,MC′D′] = δB′C′MA′D′ + δA′D′MB′C′ −
−δA′C′MB′D′ − δB′D′MAC
In verifying the Jacobi identities, heavy use was made of the following identities:
(σa) γα (σ
a) δβ = 2δ
δ
α δ
γ
β − δ γα δ δβ (A.24)
(γab) γα (γab)
δ
β = −4δ δα δ γβ + 2δ γα δ δβ (A.25)
So far, the 6D covariance of the algebra is not quite obvious. However, if define the
6D gamma matrices as in (2.3), the chiral 6D supercharges Q as in (2.2) and Q¯ as in
(2.4) we find from (A.23) precisely (2.6). To see this it is noteworthy that Qˆ and Q¯
are related by
QˆI = −iǫIJQ¯J . (A.26)
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